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Abstract
For a graph G, let D(G) be the family of strong orientations of G. Dene ~d(G) = minfd(D) j
D 2 D(G)g and (G) = ~d(G) − d(G); where d(D) (resp., d(G)) denotes the diameter of the
digraph D (resp., graph G). Let GH denote the cartesian product of the graphs G and H . In
this paper, we show that (G  A1  A2      Ak) = 0, where G is a bipartite graph fullling
certain weak conditions and fAi j 16i6kg is certain combination of graphs. ? 1999 Elsevier
Science B.V. All rights reserved.
1. Introduction
Let G (resp., D) be a graph (resp., digraph) with vertex set V (G) (resp., V (D))
and edge set E(G) (resp., E(D)). For v 2 V (G), the eccentricity e(v) of v is dened
as e(v)=maxfd(v; x) j x 2 V (G)g, where d(v; x) denotes the distance from v to x. The
notion e(v) in D is similarly dened. The diameter of G (resp., D), denoted by d(G)
(resp., d(D)), is dened as d(G)=maxfe(v) j v 2 V (G)g (resp., d(D)=maxfe(v) j v 2
V (D)g), while the radius of G (resp., D), denoted by r(G) (resp., r(D)), is dened
as r(G) = minfe(v) j v 2 V (G)g (resp., r(D) = minfe(v) j v 2 V (D)g).
An orientation of a graph G is a digraph obtained from G by assigning to each
edge in G a direction. An orientation D of G is strong if every two vertices in D are
mutually reachable in D. An edge e in a connected graph G is a bridge if G − e is
disconnected. Robbins’ celebrated one-way street theorem [23] states that a connected
graph G has a strong orientation if and only if no edge of G is a bridge. Ecient
algorithms for nding a strong orientation for a bridgeless connected graph can be
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found in [1,2,24]. Boesch and Tindell [1] extended Robbin’s result to mixed graphs
where edges could be directed or undirected. Chung et al. [2] provided a linear-time
algorithm for testing whether a mixed graph has a strong orientation and nding one
if it does. As another possible way of extending Robbins’ theorem, consider further
the notion (G) given below (see [1,3,25]). Given a connected graph G containing no
bridges, let D(G) be the family of strong orientations of G. Dene
(G) = minfd(D) jD 2 D(G)g − d(G):
The rst term on the right-hand side of the above equality is essential. Let us write
~d(G) = minfd(D) jD 2 D(G)g:
The problem of evaluating ~d(G) for an arbitrary connected graph G is very dicult.
As a matter of fact, Chvatal and Thomassen [3] showed earlier that the problem of
deciding whether a graph admits an orientation of diameter two is NP-hard.
On the other hand, the parameter ~d(G) has been studied in various classes of
graphs including complete graphs [1,19,22], complete bipartite graphs [1,5,30] com-
plete k-partite graphs for k>3 [5,6,7,9,10,21], and complete G-partite graphs [17]. Let
GH denote the cartesian product of two graphs G and H , and Pk the path of order
k; Ck the cycle of order k; Kn the complete graph of order n and Ti a tree. Roberts and
Xu [26{29], and independently Koh and Tan [8], evaluated the quantity ~d(PmPn). Re-
cently, Koh and Tay [12{16] evaluated the quantities ~d(C2nPk); ~d(C2mC2n); ~d(Ti
Tj); ~d(Km  Pn); ~d(Km  Kn); ~d(Km  C2n+1) and ~d(Km  C2n) while Konig et al.
[18] independently evaluated ~d(Cm  Cn). The rst move towards cartesian products
of higher dimensions was in the study of n-cubes, i.e.
nz }| {
K2  K2    K2 [20,21,30].
Konig et al. [18] studied Ck1  Ck2      Ckm while Koh and Tay [11] showed that
(G1 G2     Gm) = 0, where fGi j 16i6mg is certain combination of paths and
cycles. These optimal orientations can be used to provide optimal arrangements of
one-way streets [12,23,26{29]. They also have applications for the gossip problem on
a graph G, where all points simultaneously broadcast items to all other points in such
a way that items are combined at no cost and all links are simultaneously used but in
only one direction at a time, because the time taken for the gossip to be completed is
bounded above by minf2d(G); ~d(G)g (see [4]).
In this paper, we shall extend the results in [11] by showing that (G1G2    
Gm)=0, where fGi j 16i6mg is certain combination of paths, cycles, complete graphs,
complete bipartite graphs, trees and graphs of diameter 2.
Let G be the set of all bipartite graphs G that admit orientations of diameter d(G),
where d(G)>4, in which every vertex is contained in a cycle of length at most d(G).
Let G be the set of all bipartite graphs G which admit orientations F of diameter
d(G), where d(G)>4, such that in F
(i) every vertex is contained in a cycle of length at most d(G) and
(ii) if u is adjacent to v, then there exists a u{v walk of length at least 3 and at most
d(G).
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We further introduce two families of graphs as follows.
S is the set of all graphs G which admits an orientation H such that for all vertices
u; v 2 V (H), one of the following holds:
(i) dH (u; v)6d(G);
(ii) dH (v; u)6d(G);
(iii) there are vertices yuv; zuv such that dH (u; yuv) + dH (v; yuv)6d(G) and dH (zuv; u)
+ dH (zuv; v)6d(G).
S is the set of all graphs G which admits an orientation H such that for all vertices
u; v 2 V (H), one of the following holds:
(i) dH (u; v)6d(G);
(ii) dH (v; u)6d(G);
(iii) there is a vertex yuv such that dH (u; yuv) + dH (v; yuv)6d(G);
(iv) there is a vertex zuv such that dH (zuv; u) + dH (zuv; v)6d(G):
Obviously, GG and SS. Our aim in this paper is to establish the following
results.
Theorem 1. If G 2 G and Ai 2S; 16i6n; then (G 
Qn
i=1 Ai) = 0:
Theorem 2. If G 2 G and Ai 2S; 16i6n; then (G 
Qn
i=1 Ai) = 0.
2. Notation and terminology
The cartesian product of a family of graphs G1; G2; : : : ; Gn; denoted by G = G1 
G2  Gn or
Qn
i=1 Gi, where n>2; is the graph G having V (G)=V (G1)V (G2)
    V (Gn) and two vertices (u1; u2; : : : ; un) and (v1; v2; : : : ; vn) of G are adjacent if
and only if there exists r 2 f1; 2; : : : ; ng such that urvr 2 E(Gr) and ui = vi for all
i = 1; 2; : : : ; n; i 6= r:
We write V (PmPn)=V (CmCn)=f(i; j) j 16i6m; 16j6ng. We thus dene that
two distinct vertices (i; j) and (i0; j0) are adjacent in PmPn i either ‘ji− i0j=1 and
j= j0’ or ‘jj− j0j=1 and i= i0’, and adjacent in CmCn i either ‘i− i0  1 (modm)
and j = j0’ or ‘j − j0  1 (mod n) and i = i0’.
Let G and H be two graphs and F 2 D(G  H): Let A be a subdigraph of F . The
eccentricity, outdegree and indegree of a vertex (u; v) in A are denoted, respectively,
by eA(u; v); sA(u; v) and s−A (u; v): The subscript A is omitted if A= F:
Let D be a digraph. A dipath (resp., dicycle) in D is simply called a path (resp.,
cycle) in D. For X V (D); the subdigraph of D induced by X is denoted by D[X ]:
For x; y 2 V (D); we write ‘x ! y’ or ‘y  x’ if x is adjacent to y in D. The
converse of D, denoted by ~D, is the digraph obtained from D by reversing each arc
in D. A digraph D1 is said to be isomorphic to a digraph D2, written D1=D2, if there
is a bijection ' : V (D1) ! V (D2) such that uv 2 E(D1) if and only if '(u)'(v) 2
E(D2).
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Let dxe denote the least integer not less than x and bxc the greatest integer not
greater than x.
For m>5 and n>5, dene four subsets of V (Pm  Pn) as follows:
(i) Northwest Section (NW) =f(i; j) j 16i6dm=2e; 16j6dn=2eg;
(ii) Northeast Section (NE) =f(i; j) j 16i6dm=2e; d(n+ 1)=2e6j6ng;
(iii) Southwest Section (SW) =f(i; j) j d(m+ 1)=2e6i6m; 16j6dn=2eg;
(iv) Southeast Section (SE) =f(i; j) j d(m+ 1)=2e6i6m; d(n+ 1)=2e6j6ng.
For F 2 D(PmPn); H 2 D(Pdm=2ePdn=2e) and V 2 fNW;NE; SW; SEg; we write
F[V ]  H if the mapping  : F[V ]! H dened by ((a+i; b+j))=(1+i; 1+j); where
a=minfu j (u; v) 2 Vg; b=minfv j (u; v) 2 Vg; 06i6dm=2e− 1 and 06j6dn=2e− 1,
is an isomorphism of F[V ] onto H .
3. Graphs belonging to G and G∗
In this section, we shall introduce some graphs which belong to G and G. All these
graphs are of the form GH; and have been considered in Koh and Tay [11,12,15,16].
To make this paper self-contained, we shall dene appropriate orientations of these
graphs which satisfy the conditions of being members in G and G.
Lemma 1. For m>2 and k>4; C2m  Pk 2 G:
Proof. Since ~d(C2mPk)>d(C2mPk)=m+k−1; it suces to provide an orientation
F of C2m  Pk such that d(F)6m + k − 1: Dene F as follows (note that the rst
coordinate of (i; j) is taken modulo 2m):
(i) For i  1 (mod 2) and 16i62m− 1;
(i; 1)! (i + 1; 1) and (i; 1)! (i − 1; 1);
(ii) For j  0 (mod 2); 26j6k − 1 and 16i62m;
(i; j)! (i + 1; j);
(iii) For j  1 (mod 2); 36j6k − 1 and 16i62m;
(i; j)! (i − 1; j);
(iv) For i  0 (mod 2) and 26i62m;
(i; k)! (i + 1; k) and (i; k)! (i − 1; k);
(v) For i  0 (mod 2); 26i62m and 16j6k − 1;
(i; j)! (i; j + 1);
(vi) For i  1 (mod 2); 16i62m− 1 and 26j6k;
(i; j)! (i; j − 1);
As an illustration, the orientation F of C6  P5 is shown in Fig. 1.
Obviously, C2m  Pk is bipartite and it was shown in [11,12] that
(i) d(F) = m+ k − 1 = d(C2m  Pk);
(ii) every vertex in F lies in a cycle of length 4.
It can be easily seen that for u; v 2 V (F); if u! v; there exists a u{v walk of length
5 in F .
K.M. Koh, E.G. Tay /Discrete Applied Mathematics 98 (1999) 103{120 107
Fig. 1.
Fig. 2.
Lemma 2. C4  C4 2 G; and for m>2 and n>3; C2m  C2n 2 G:
Proof. McCanna [20] showed that ~d(C4C4)= 4: We reproduce in Fig. 2 his orien-
tation D of C4  C4.
For m>2; n>3 and n  1 (mod 2); dene an orientation F of C2mC2n as follows
(note that for (i; j), i is taken modulo 2m and j is taken modulo 2n):
(i) For 16j62n,
(i; j)! (i; j + 1) if i  1 (mod 2);
(i; j)! (i; j − 1) if i  0 (mod 2);
108 K.M. Koh, E.G. Tay /Discrete Applied Mathematics 98 (1999) 103{120
Fig. 3.
(ii) For 16i62m;
(i; j)! (i + 1; j) if j  1 (mod 2);
(i; j)! (i − 1; j) if j  0 (mod 2):
The orientation F of C6  C6 is shown in Fig. 3.
For m>2; n>4 and m  n  0 (mod 2); dene an orientation H of C2m  C2n as
follows (note that for (i; j); i is taken modulo 2m and j is taken modulo 2n):
(i) For i  1 (mod 2) and 16i62m− 1,
(i; 1)! (i + 1; 1) and (i; 1)! (i − 1; 1);
(ii) For i  0 (mod 2) and 26i62m;
(i; n+ 1)! (i + 1; n+ 1) and (i; n+ 1)! (i − 1; n+ 1);
(iii) For j  0 (mod 2); 26j62n and 16i62m;
(i; j)! (i − 1; j);
(iv) For j  1 (mod 2); 36j62n− 1; j 6= n+ 1 and 16i62m;
(i; j)! (i + 1; j);
(v) For i  1 (mod 2) and 16i62m− 1;
(i; 1) (i; 2)     (i; n+ 1)! (i; n+ 2)!    ! (i; 2n)! (i; 1);
(vi) For i  0 (mod 2) and 26i62m;
(i; 1)! (i; 2)!    ! (i; n+ 1) (i; n+ 2)     (i; 2n) (i; 1):
The orientation H of C8  C12 is shown in Fig. 4.
Obviously, C2mC2n is bipartite and it was shown in [16] that d(F)=d(H)=m+n:
It can be easily seen that
(i) every vertex in D; F and H , respectively, lies in a cycle of length 4;
(ii) for u; v 2 V (R); where R=F or R=H; if u! v, there exists a u{v walk of length 5
which does not exceed d(R): This, however, is not true for R= D:
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Fig. 4.
Fig. 5.
Lemma 3. Let Ti be a tree with d(Ti)>4; i = 1; 2: Then T1  T2 2 G:
Proof. We begin with a ‘basic’ orientation of Ps  Pt; where s>3 and t>3. Dene
an orientation F1 of Ps  Pt as follows:
(i) For 16i6s− 1 and 26j6t; (i; j)! (i; j − 1);
(ii) For 16j6t − 1; (s; j)! (s; j + 1);
(iii) For 16i6s− 1 and 16j6t − 1; (i; j)! (i + 1; j);
(iv) For 26i6s; (i; t)! (i − 1; t):
As an illustration, the orientation F1 of P4  P5 is shown in Fig. 5.
From F1, we obtain seven other ‘basic’ orientations of Ps  Pt . We shall name
these eight orientations F1(s; t); F2(s; t); : : : ; F8(s; t); or simply F1; F2; : : : ; F8 as shown in
Fig. 6 where there is no ambiguity. Observe that F2  ~F1; F3 is the reection of F2
about the thick vertical line in Fig. 6 and F4  ~F3 . Also, note that F5; F6; F7 and
F8 are, respectively, the reections of F1; F2; F3 and F4 about the thick horizontal line
in Fig. 6.
110 K.M. Koh, E.G. Tay /Discrete Applied Mathematics 98 (1999) 103{120
Fig. 6.
Fig. 7.
For m  n  1 (mod 2); m>5 and n>5, the orientation D1 2 D(PmPn) is dened
by D1[NW]  F1((m+1)=2; (n+1)=2)); D1[NE]  F4((m+1)=2; (n+1)=2); D1[SW] 
F5((m+1)=2; (n+1)=2) and D1[SE]  F8((m+1)=2; (n+1)=2). As an illustration, the
orientation D1 of P9  P7 is shown in Fig. 7.
For m  1 (mod 2); n  0 (mod 2); m>5 and n>6, the orientation D2 2 D(PmPn)
is dened by D2[NW]  F1((m+ 1)=2; n=2); D2[NE]  F4((m+ 1)=2; n=2); D2[SW] 
F5((m+1)=2; n=2+1); D2[SE]  F8((m+1)=2; n=2); ((m−1)=2; n=2+1)! ((m−1)=2;
n=2); ((m+ 1)=2; n=2) ! ((m+ 1)=2; n=2); ((m+ 3)=2; n=2 + 1) ! ((m+ 3)=2; n=2) and
all other edges oriented arbitrarily. As an illustration, the orientation D2 of P9  P8 is
shown in Fig. 8.
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Fig. 8.
Fig. 9.
For m  n  0 (mod 2); m>6 and n>6; the orientation D3 2 D(Pm  Pn) is
dened by D3[NW]  F2(m=2; n=2); D3[NE]  F3(m=2; n=2); D3[SW]  F6(m=2; n=2);
D3[SE]  F7(m=2; n=2); (m=2 − 1; n=2 + 1) ! (m=2 − 1; n=2); (m=2 + 1; n=2 + 2) !
(m=2; n=2+2); (m=2+2; n=2)! (m=2+2; n=2+1); (m=2; n=2− 1)! (m=2+1; n=2− 1);
(m=2; n=2) ! (m=2; n=2 + 1) ! (m=2 + 1; n=2 + 1) ! (m=2 + 1; n=2)(m=2 + 1; n=2) !
(m=2; n=2) and all other edges oriented arbitrarily. As an illustration, the orientation D3
of P10  P8 is shown in Fig. 9.
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Fig. 10.
Let a tree T have a planar representation as follows: Choose a path P in T of
maximum length (i.e. of length d(T )) and draw it vertically. We call P the main path.
Let d(T )=d: Label the vertices on P as (1) to (d+1) starting with (1) at the top and
the others numbered consecutively downwards. A branch from a vertex in P whose
label does not exceed (dd=2e) is drawn to the right and upwards. A branch from a
vertex in P whose label exceeds (dd=2e) is drawn to the right and downwards. (See
Fig. 10.)
We shall now give an algorithm for labelling the vertices of T .
(i) The vertices of P from top to bottom have been labelled (1); (2); : : : ; (d+ 1):
(ii) For 26i6d; if deg((i))=ki>3; then label from left to right the unlabelled vertices
adjacent to (i) as (i; 1); (i; 2); : : : ; (i; ki − 2):
(iii) Suppose a vertex v has been labelled (a1; a2; : : : ; aq): Label from left to right the
unlabelled vertices adjacent to v as (a1; a2; : : : ; aq; 1); (a1; a2; : : : ; aq; 2); : : : ; (a1; a2; : : : ; aq;
deg(v)− 1):
For a vertex v= (a1; a2; : : : ; am), dene the vertex number, n(v), as follows:
n(v) =

a1 + 1− m if a16dd2 e;
a1 + m− 1 otherwise:
As an illustration, the labelling of a tree T with d= 5 is shown in Fig. 10.
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Fig. 11.
Let d(T1) = d1 and d(T2) = d2, and observe that ~d(T1  T2)>d(T1  T2) = d1 + d2.
We shall now dene an orientation R of T1  T2 as follows:
(a) Let P0 and P00 be the main paths of T1 and T2 respectively. Dene D 2 D(P0P00)
as D1; D2 or D3 according to the parities of d1 and d2 stipulated in the denitions of
D1; D2; D3 above.
(b) For adjacent vertices u; v in T2 and p 2 V (T1);
(p; u)! (p; v) if (n(p); n(u))! (n(p); n(v)) in D.
(c) For adjacent vertices p; q in T1 and u 2 V (T2),
(p; u)! (q; v) if (n(p); n(u))! (n(q); n(u)) in D.
As an illustration, the orientation R of T1  T2, where d(T1) = d(T2) = 4, is shown
in Fig. 11.
Obviously, T1  T2 is bipartite and it was shown in [14] that
(i) d(R) = d1 + d2;
(ii) every vertex in R is in a cycle of length at most d1 + d2;
(iii) for u; v 2 V (R); if u! v; there exists a u{v walk of length at least 3 and at most
d1 + d2.
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4. Graphs belonging to S and S∗
The families S and S of graphs were introduced in Section 1. For G 2S (resp.,
S), call an orientation H of G which satises the conditions in the denition of
S (resp., S) an S-orientation (resp., S-orientation) of G. Call a digraph H an
S-orientation (resp., S-orientation) if H is an S-orientation (resp., S-orientation)
of some graph G in S (resp., S):
In this section, we shall introduce some graphs which belong to S and S.
Observation 1. fPj j j>2g [ fCj j j>3g [ fKj j j>1g [ fG j(G) = 0gS:
Proof. Let V (Pj)=f1; 2; : : : ; jg and for vertices i; i0 2 V (Pj); ii0 2 E(Pj) i ji−i0j  1:
Dene an orientation D1 of Pj as follows: i ! i + 1 for 16i6j − 1:
Let V (Cj) = f1; 2; : : : ; jg and for vertices i; i0 2 V (Cj); ii0 2 E(Cj) i i − i0 
1 (mod j): Dene an orientation D2 of Cj as follows: i ! i+ 1 for 16i6j; where i
is taken modulo j.
Let D3 be any orientation of Kj:
It is easy to see that D1; D2 and D3 are S-orientations of Pj; Cj and Kj, respectively.
If (G) = 0, then there is a F 2 D(G) such that d(F) = d(G): It is obvious that F is
a S-orientation of G.
Observation 2. K(p; q) 2S for 26p6q:
Proof. Dene an orientation D of K(p; q) such that for all v 2 V (D); s−(v)> 0 and
s(v)> 0. Let V1 and V2 be the two partite sets of K(p; q):
Let u; v 2 V (D): Suppose u 2 V1. If v 2 V2, then dD(u; v) = 1 or dD(v; u) = 1. If
v 2 V1, then since s(u)> 0; u ! y for some y 2 V2. If y ! v; then dD(u; v) = 2: If
v! y; then dD(u; y) + dD(v; y) = 2: Also, since s−(u)> 0; z ! u for some z 2 V2. If
v! z; then dD(v; u) = 2: If z ! v; then dD(z; u) + dD(z; v) = 2: By denition, D is an
S-orientation of K(p; q):
The case when u 2 V2 is similar.
Observation 3. Let T be a tree which is not a path. Then T 62S:
Proof. Let D be an orientation of T . Let u; v and w be any three end-vertices of T
with their respective neighbours u0; v0 and w0. We shall consider four cases.
(i) u0 ! u and either v0 ! v or w0 ! w (say the former).
Then dD(u; v)=1= dD(v; u) and there is no x such that dD(u; x)+ dD(v; x)6d(T ).
(ii) u0 ! u; v! v0 and w ! w0.
Then dD(v; w)=1=dD(w; v) and there is no x such that dD(x; v)+dD(x; w)6d(T ).
(iii) u! u0 and either v! v0 or w ! w0 (say the former).
Then dD(u; v) =1= dD(v; u) and there is no x such that dD(x; u) + dD(x; v)6d(T ).
(iv) u! u0; v0 ! v and w0 ! w.
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Fig. 12.
Then dD(v; w)=1=dD(w; v) and there is no x such that dD(v; x)+dD(w; x)6d(T ).
Hence T 62S.
Observation 4. Let T be a tree which is not a path. Then T 2S.
Proof. Let T be labelled as in the proof of Lemma 3. Recall that for a vertex v =
(a1; a2; : : : ; am), the vertex number, n(v), is dened as
n(v) =
8<
: a1 + 1− m if a16

d(T )
2

;
a1 + m− 1 otherwise:
Dene an orientation F of T as follows: For u; v 2 V (F); u ! v i uv 2 E(T ) and
n(v) = n(u) + 1. It can be seen that for any u; v 2 V (F), one of the following holds:
(i) dF(u; v) = d(u; v);
(ii) dF(v; u) = d(u; v);
(iii) dF(u; y) + dF(v; y) = d(u; v) for some y 2 V (F);
(iv) dF(z; u) + dF(z; v) = d(u; v) for some z 2 V (F).
Hence T 2S.
The next observation is obvious.
Observation 5. Let G2 be the set of all graphs of diameter 2. Then G2S.
Finally, we show that not all graphs in G2 belong to S.
Observation 6. The Petersen graph belongs to G2 nS.
Proof. Let P denote the Petersen graph which is labelled as in Fig. 12.
Observe that for any two vertices u; v 2 V (P), there is a unique u{v path of length
not exceeding 2.
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Fig. 13.
Let D be an orientation of P. There are two cases to consider.
(i) The vertex 1 is adjacent to at least two vertices in D, say 1! 2 and 1! 6. Then
dD(2; 6)> 2; dD(6; 2)> 2 and there is no x such that dD(2; x) + dD(6; x)62.
(ii) The vertex 1 is adjacent from at least two vertices in D, say 2 ! 1 and 6 ! 1.
Then dD(2; 6)> 2; dD(6; 2)> 2 and there is no x such that dD(x; 2) + dD(x; 6)62.
Hence P 62S.
Note: One of the referees pointed out that the graph of Fig. 13 (see p. 227 in [21])
also belongs to G2nS.
5. The main results
We are now in a position to prove our main results as stated in Section 1.
Proof of Theorem 1. Assume that d(G) = k. Let V1 and V2 be the partite sets of G.
Take F 2 D(G) with d(F) = k such that every vertex is in a cycle of length at most
k in F . Let Hi be an S-orientation of Ai; 16i6n. We shall now orient G
Qn
i=1 Ai
inductively as follows:
(i) In G  A1, orient (x; i) ! (x; j) if ‘x 2 V1 and ij 2 E(H1)’ or ‘x 2 V2 and
ij 2 E( ~H 1)’; and orient (x; i)! (y; i) i xy 2 E(F).
(ii) Suppose, GQri=1 Ai where 16r6n− 1, has been oriented. Orient GQr+1i=1 Ai
so that the orientation of G Qri=1 Ai  fjg is isomorphic to that of G Qri=1 Ai for
each j 2 V (Ar+1) and orient (x; a1; a2; : : : ; ar ; i) ! (x; a1; a2; : : : ; ar ; j) if ‘x 2 V1 and
ij 2 E(Hr+1)’ or ‘x 2 V2 and ij 2 E( ~Hr+1)’.
Let F be the resulting orientation of G Qni=1 Ai.
For u; v 2 V (Hi), dene
W1i = f(u; v) jdHi(u; v)6d(Ai)g;
W2i = f(u; v) j (u; v) 62 W1i and dHi(v; u)6d(Ai)g;
W3i = f(u; v) j (u; v) 62 W1i [W2i ; dHi(u; yuv) + dHi(v; yuv)6d(Ai) and dHi(zuv; u)
+dHi(zuv; v)6d(Ai) for some yuv; zuv 2 V (Hi)g:
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Note that W1i [W2i [W3i = V (Hi  Hi) and that W1i ; W2i ; W3i are pairwise disjoint.
Let u = (x; a1; a2; : : : ; an). Take an arbitrary vertex v = (y; b1; b2; : : : ; bn) in
F. We shall dene a u − v path of length not exceeding k +Pni=1 d(Ai)(=d(G Qn
i=1 Ai)).
First, let x 2 V1. Let x ! x0 in F , where x0 lies on an x{y path of shortest length
if x 6= y and x0 lies on a cycle containing x of length not exceeding k if x = y. Note
that x0 2 V2.
Step 1: Proceed on a path from u to (x; c1; c2; : : : ; cn) of shortest length, where
ci(16i6n) is dened as follows:
(i) If (ai; bi) 2 W1i, let ci = bi.
(ii) If (ai; bi) 2 W2i, let ci = ai.
(iii) If (ai; bi) 2 W3i, let ci = yi, where yi is any vertex satisfying the inequality
dHi(ai; yi) + dHi(bi; yi)6d(Ai).
Step 2: Proceed on a path from (x; c1; c2; : : : ; cn) to (x0; c1; c2; : : : ; cn) of shortest
length.
Step 3: Proceed on a path from (x0; c1; c2; : : : ; cn) to (x0; b1; b2; : : : ; bn) of shortest
length.
Step 4: Proceed on a path from (x0; b1; b2; : : : ; bn) to (y; b1; b2; : : : ; bn) of shortest
length.
It is easy to see that the total distance travelled in Steps 1 and 3 does not exceedPn
i=1 d(Ai) and the total distance travelled in Steps 2 and 4 does not exceed k.
We next consider x 2 V2. Let x ! x0 in F , where x0 lies on an x{y path of shortest
length if x 6= y and x0 lies on a cycle containing x of length not exceeding k if x= y.
Note that x0 2 V1.
Step 1: Proceed on a path from u to (x; c1; c2; : : : ; cn) of shortest length, where
ci(16i6n) is dened as follows:
(i) If (ai; bi) 2 W1i, let ci = ai.
(ii) If (ai; bi) 2 W2i, let ci = bi.
(iii) If (ai; bi) 2 W3i, let ci = zi, where zi is any vertex satisfying the inequality
dHi(zi; ai) + dHi(zi; bi)6d(Ai).
Step 2: Proceed on a path from (x; c1; c2; : : : ; cn) to (x0; c1; c2; : : : ; cn) of shortest
length.
Step 3: Proceed on a path from (x0; c1; c2; : : : ; cn) to (x0; b1; b2; : : : ; bn) of shortest
length.
Step 4: Proceed on a path from (x0; b1; b2; : : : ; bn) to (y; b1; b2; : : : ; bn) of shortest
length.
It is easy to see that the total distance travelled in Steps 1 and 3 does not
exceed
Pn
i=1 d(Ai) and the total distance travelled in Steps 2 and 4 does not ex-
ceed k.
Thus d(F)6k +
Pn
i=1 d(Ai) and so (G 
Qn
i=1 Ai) = 0.
Proof of Theorem 2. Assume that d(G) = k. Let V1 and V2 be the partite sets of G.
Take F 2 D(G) with d(F) = k such that every vertex is in a cycle of length at most
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k in F and for u; v 2 V (F), if u! v, then there exists a u{v walk of length at least 2
and at most k. Let Hi be a S-orientation of Ai; 16i6n. Let F be the orientation
analogously dened as in the proof of Theorem 1.
For u; v 2 V (Hi), dene
W1i = f(u; v) jdHi(u; v)6d(Ai)g;
W2i = f(u; v) j (u; v) 62 W1i and dHi(v; u)6d(Ai)g;
W3i = f(u; v) j (u; v) 62 W1i [W2i and dHi(u; yuv) + dHi(v; yuv)6d(Ai) for some
yuv 2 V (Hi)g;
W4i = f(u; v)j(u; v) 62 W1i [W2i [W3i and DHi(zuv; u) + dHi(zuv; v)6d(Ai) for some
zuv 2 V (Hi)g:
Note that W1i [W2i [W3i [W4i=V (HiHi) and that W1i ; W2i ; W3i ; W4i are pairwise
disjoint.
Let u = (x; a1; a2; : : : ; an) and assume that x 2 V1. Take an arbitrary vertex v =
(y; b1; b2; : : : ; bn) in F. We shall dene a u{v path of length not exceeding
k +
Pn
i=1 d(Ai). Let x ! x0 ! x00 be in a x{y walk of length at least 2 and at
most k in F . Note that x0 2 V2 and x00 2 V1.
Step 1: Proceed on a path from u to (x; c1; c2; : : : ; cn) of shortest length, where
ci(16i6n) is dened as follows:
(i) If (ai; bi) 2 W1i, let ci = bi.
(ii) If (ai; bi) 2 W2i, let ci = ai.
(iii) If (ai; bi) 2 W3i, let ci = yi, where yi is any vertex satisfying the inequality
dHi(ai; yi) + dHi(bi; yi)6d(ai; bi).
(iv) If (ai; bi) 2 W4i, let ci = ai.
Step 2: Proceed on a path from (x; c1; c2; : : : ; cn) to (x0; c1; c2; : : : ; cn) of shortest
length.
Step 3: Proceed on a path from (x0; c1; c2; : : : ; cn) to (x0; f1; f2; : : : ; fn) of shortest
length, where fi(16i6n) is dened as follows:
(i) If (ai; bi) 2 W1i [W2i [W3i, let fi = bi.
(ii) If (ai; bi) 2 W4i, let fi = zi, where zi is any vertex satisfying the inequality
dHi(zi; ai) + dHi(zi; bi)6d(ai; bi).
Step 4: Proceed on a path from (x0; f1; f2; : : : ; fn) to (x00; f1; f2; : : : ; fn) of shortest
length.
Step 5: Proceed on a path from (x00; f1; f2; : : : ; fn) to (x00; b1; b2; : : : ; bn) of shortest
length.
Step 6: Proceed on a path from (x00; b1; b2; : : : ; bn) to (y; b1; b2; : : : ; bn) of shortest
length.
It is easy to see that the total distance travelled in Steps 1, 3 and 5 does not exceedPn
i=1 d(Ai) and the total distance travelled in Steps 2, 4 and 6 does not exceed k.
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The case when x 2 V2 is similar.
Thus d(F)6k +
Pn
i=1 d(Ai) and so (G 
Qn
i=1 Ai) = 0.
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